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Abstract: The counterfactual method, which involves assuming the negation of a given proposition
and deducing logical contradictions, serves as a powerful tool in solving problems in number theory.
By carefully identifying and analyzing false assumptions, this method demands rigorous logical
reasoning and strict avoidance of circular arguments. Its application not only helps verify the valid-
ity of mathematical statements but also fosters deeper insight into the structure of numerical rela-
tionships. Moreover, the method sharpens one’s ability to think critically and systematically,
thereby contributing to both theoretical advancements and the cultivation of mathematical thinking.
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1. Introduction

Number theory captivates many with its unique charm. The counterfactual method,
an ancient logical tool, excels in solving number theory puzzles [1]. It avoids direct proofs
and instead proves propositions by showing their negations lead to contradictions.

2. The Basic Concepts of Counter Factualism
2.1. The Definition of the Counterfactual

Counterfactualism, in mathematics, is an important method of indirect proof. It be-
gins by assuming that the proposition that contradicts the proposition to be proved (i.e.,
the antithesis) is true, and then proceeds logically on the basis of this assumption until it
arrives at a result that is clearly contradictory or false. According to the logical law of
neutrality, which states that a proposition is either true or false, and cannot be both true
and false at the same time, the original assumption (i.e., the counter-argument) can be
concluded to be false, thus proving the original proposition to be true [2].

Specifically, if the original proposition is “if p, then q” (p — q), the contrapositive
method first assumes that it is not true, i.e., “if p, then not 4" (p — —q). Then, through
logical reasoning, if from this assumption can be deduced from the known facts or defini-
tions of the results of the contradiction, then the original assumption (p — =—q) must be
false, and then prove the original proposition (p — q) is true. The contrapositive method
reflects dialectical thinking in mathematics and is an indispensable tool in mathematical
proof [3].
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2.2. The Logical Basis of the Counterfactual

Reversal relies on the “law of neutrality” in logic, which states that any proposition
is either true or false, with no third possibility [4]. By assuming that the negation of a
proposition is true, counterfactuals can use this principle to investigate whether the result
of the assumption is logical. If the result of the hypothesis leads to a contradiction, then
the original proposition can be confirmed to be true because the negation of the original
proposition is not logical.

The contrapositive method is also based on the principle of contradiction in logic,
which states that a proposition and its negation cannot be true at the same time [5]. In the
process of contraposition, assuming that the negation of a proposition is true leads to a
contradictory or irrational conclusion, which shows that the assumption is not valid. Since
the negation of the hypothesis leads to a contradiction, we can conclude that the original
proposition is true.

The validity of the counterfactual is also based on the coherence and consistency of
logical reasoning. When using the counterfactual method, we start from the negation of a
hypothesis and, through a series of logical deductions, obtain a contradictory result. This
derivation must conform to the rules of logic, otherwise the reasoning process will be in-
valid. Therefore, counter factualism relies on a rigorous process of logical reasoning to
ensure the reliability of its results.

3. Applications of the Inverse Method to Number Theory
3.1. Proof of Infinity of Prime Numbers

The infinity of primes is a fundamental proposition in number theory. Euclid first
proved the infinity of primes by using the converse method in the Principia Geometrica.
Assuming that the number of primes is finite, let’s say N, and noting that these n primes
are pq, pP,...Pn. Then, he constructed a new number M = p;p,...pn41, and states that M
cannot be divided by any of the integer’s p;, p;...pn+1, and that M is not divisible by any
of pi, pz, Thisleads to a contradiction, since M is either a new prime (if it is itself a prime)
or divisible by other primes (if it is not a prime), thus proving that the number of primes
cannot be finite.

3.2. Proof of the Unique Decomposition Theorem

The unique decomposition theorem is an important theorem in number theory,
which states that every natural number greater than 1 can be expressed uniquely as the
product of a number of primes. The proof of this theorem can also be done by contrapos-
itive methods. Suppose there are two different prime factorizations n = p;p,.. px =

q192...qm, Where p; and q; are both prime numbers and p; # q; holds for any i. With-
out loss of generality, assume that p; is the smallest p; and q; is the smallest g, and as-
sume that p; < gq,. Since n =p;p,.., px is a multiple of q; and gq; is prime, so
P1D2, -, Prmust contain a factor of g,, but this contradicts the premise that p; and g;
are both prime and mutually exclusive. Therefore, the unique decomposition theorem is
proved.

3.3. Existence Problems for Integer Solutions

In number theory, it is often necessary to prove whether there is an integer solution
to an equation. The counterfactual method is equally effective in dealing with such prob-
lems. For example, consider Fermat’s theorem (for any integer n greater than 2, the equa-
tion xn + yn = zn has no positive integer solutions). Although the complete proof of Fer-
mat’s theorem involves complex mathematical tools and techniques, the idea of the proof
can be understood in terms of the contrapositive method: assume that there exists a set of
positive integer solutions (x, y, z) such that xn + yn = zn holds. Then, reasoning is car-
ried out based on this assumption, and if a contradiction can eventually be deduced (e.g.,
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by techniques such as mathematical induction or modulo arithmetic), the original as-
sumption is not valid, thus proving the correctness of Fermat’s Theorem.

3.4. The Proofs of the Fundamental Theorem of Algebra

The Fundamental Theorem of Algebra is an important theorem in mathematics that
shows that polynomial equations with any number of roots have at least one root in the
complex domain. The contrapositive method can be used to prove this theorem. Suppose
there exists a polynomial equation f(z) = 0 with a number greater than 1 that has no
roots in the complex domain. Then, by the properties of polynomials, f(z) can be expressed
as f(z)=c(z—ay)) (z—ay) ...(z—ay)(c#0, ai is a complex number) . Since f(z)
has no roots, we assume that for all complex numbers z, we have f(z) # 0. In particular,
consider the modulus function [f(z)| of f(z) in the complex plane.

Since f(z) is a polynomial, as |z| tends to infinity, |f(z)| also tends to infinity be-
cause the highest-order term dominates. This means that there exists a sufficiently large
positive real number R such that when |z| > R, thereis |f(2)| > [f(0)].

Now, consider a closed disk D in the complex plane centered at the origin with radius
R. Since D is compact (i.e., closed and bounded), according to the extremum theorem for
continuous functions, |f(z)| must reach its maximum and minimum on D. Let this max-
imum be M, and since f(0) # 0 (since f(z) is assumed to have no roots), we can choose
M > M(0) # 0 (since f(z) is assumed to have no roots). Let this maximum be M, and
since f (0) # 0 (since f(z) is assumed to have no roots), we can choose M > |f(0)].

Next, consider a circle C in the complex plane centered at the origin with radius R +
1.Since |f(2)| > |f(0)] when |z| > R, the minimum value of |f(z)| mustalso be greater
than |f(0)| on circle C. However, by the principle of maximum modulus in complex
functions (or the inverse of the open mapping theorem), if f(z) achieves its maximum
inside C (i.e., in the interior of C), then f(z) must be constant in the interior of C. How-
ever, according to the principle of maximal modes in complex functions (or the inverse of
the open mapping theorem), if f(z) obtains its maximum value M in the interior of C (i.e.,
D), and if f(z) is continuous and nonzero on C, then f(z) must also be constant in the
interior of C. However, this is not consistent with the fact that f(z) has a constant value
M in the interior of the circle. However, this contradicts the fact that f(z) is a polynomial
of degree greater than one, since non-constant polynomials cannot be constant.

Thus, a contradiction is found, i.e., it is not valid to assume thatf(z) has no roots in
the complex domain. Therefore, the Fundamental Theorem of Algebra holds, i.e., polyno-
mial equations with any number of roots have at least one root in the complex domain.

4. Notes on the Application of the Counterfactual
4.1. Correctly Rejecting the Conclusion

In number theory problems, the inverse method as a powerful means of proof, the
application of the first and key step to pay attention to is the correct negation of the con-
clusion. This is because the basic logic of the inverse method is to start from the negation
of the conclusion, through a series of rigorous reasoning, and finally derive the contradic-
tion, so as to prove the correctness of the original proposition. Therefore, if the negation
of the conclusion is inaccurate or there are omissions, the subsequent reasoning, even if
subtle, will not achieve the desired effect of the proof. In the field of number theory, since
the problem often involves complex mathematical structures and logical relations, the cor-
rect negation of the conclusion is particularly important. For example, in proving a num-
ber theoretic proposition, if you need to use the inverse method, you should firstly express
the negative form of the proposition clearly and correctly, and make sure that you have
not omitted any key conditions or assumptions. At the same time, the reasonableness of
the negative conclusion should be carefully scrutinized to avoid introducing unnecessary
complexity or logical ambiguity. In addition, it is worth noting that the successful appli-
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cation of the counterfactual depends on sound reasoning and rigorous logic. After reject-
ing the conclusion, we should make full use of the basic concepts, theorems and properties
in number theory, and advance the proof process step by step by constructing counterex-
amples, deducing contradictions or utilizing inverses. In this process, it is important to
maintain clarity of thought and logical coherence, and to avoid jumps or faulty reasoning.

4.2. Critical Reasoning

Before using the contrapositive method, it is first necessary to clearly define the prop-
osition to be proved and its antithesis. For example, to prove that an integer (1) is prime,
assume that it is not prime, i.e., it is divisible by other integers. Under this assumption,
the next step is to derive a contradiction. The key to this step is an accurate characteriza-
tion of the opposition. From the assumption of opposites, the contradiction must be de-
duced step by step by logical reasoning. In number theory, this usually involves the use
of known theorems, formulas, or basic properties of number theory. Each step of the der-
ivation must be supported by rigorous logic, avoiding jumps or logical gaps. Each step in
the derivation should be indisputable to ensure that the final contradiction is valid. Once
the contradiction is obtained, the exact nature of the contradiction must be confirmed. For
example, in number theory, common contradictions include the irreducibility of numbers,
and contradictions in modular arithmetic. The reasonableness of the contradiction is ver-
ified to ensure that every aspect of the derivation is correct and not due to some error or
misunderstanding of the assumptions. The validity of the method of contradiction relies
on the exclusivity of the opposing hypothesis, i.e., the opposing hypothesis and the prop-
osition to be proved are mutually exclusive. If the opposing assumptions and the propo-
sitions to be proved are not in complete opposition, then the conclusions obtained by the
counterfactual method may not be valid. Confirmation of the exclusivity of the antithetical
postulate and the proposition to be proved is an important prerequisite in number theory
problems. When applying the inverse method, one can refer to known number theory
problems and proof techniques. For example, the famous proof of “infinitely many primes”
utilizes the inverse method. Knowledge of solutions to similar problems can help one to
check the correctness of one’s application of the inverse method.

4.3. Finding and Demonstrating Contradictions

In number theory problems, the inverse method mainly involves three types of con-
tradictions: mathematical contradictions, logical contradictions and practical contradic-
tions. Understanding the formation and resolution of these contradictions will help you
better grasp the key points of the application of the inverse method.

A mathematical contradiction arises when the assumption of the negation of a prop-
osition leads to a result that violates a known mathematical theorem or formula. For ex-
ample, consider the properties of integers. If we want to prove that “v2 is irrational”, we
can assume by contraposition that “v2 is rational”. Suppose V2 = a/b, where a and b
are mutually prime integers. We can then deduce that a® = 2b?, and further deduce that
both a? and b* must be even, resulting in a contradiction as a and b are not prime inte-
gers. This contradiction arises from the fact that our original hypothesis contradicts the
mathematical theorem, which means that the original hypothesis is not valid and that v2
is indeed irrational.

Logical contradiction occurs in the process of disproof, where a logically inconsistent
conclusion is reached through the negation of an assumption. For example, if we want to
prove that “there is no maximal prime number”, we can assume the opposite proposition:
“there exists a maximal prime number p”. Consider the product of all primes less than or
equal to p plus 1, denoted N = (2 x 3 x5 X...X p) + 1. N is not the product of all primes.
x N is not any known prime, nor is it divisible by any known prime, so N must be a new
prime, or at least a prime that is not less than or equal to p, which contradicts the assump-
tion that there exists a maximum prime p. Therefore, our initial assumption is that there
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exists a maximum prime p. Therefore, our initial assumption is wrong and we prove that
there is no maximal prime.

An actual contradiction is a result that contradicts an assumption in a real situation.
For example, in proving that “no two different positive integers have a sum of squares
equal to the square of another positive integer”, it is assumed that there exist such integers
x,y, zsuch that x* + y* = z% and it is assumed that these are the smallest possible integers
that meet the conditions. Further analysis of these integers reveals that the actual calcula-
tion contradicts the assumed minimality and concludes that the existence of such integers
is impossible. These contradictions often depend on specific conditions or the actual re-
sults of calculations.

4.4. Avoid Circular Arguments

A circular argument, or circular reasoning, is one in which the conclusion of an argu-
ment is used as its premise in the course of a proof. This situation usually leads to logical
illogicality, because the conclusion depends for its correctness on the assumptions that are
themselves used as premises, thus creating a logical circularity. For example, if we assume
the negation of p in the course of a contrapositive argument, and then again rely on the
truth or falsity of p in our reasoning, then a circular argument occurs. To avoid circular
arguments, we must pay attention to the following points when using the inverse method.

Firstly, clearly define the hypothesis to be tested. When using contrapositive meth-
ods, it is important to clearly define the negation of hypothesis P and ensure it is inde-
pendent of the conclusion we aim to prove. The negation of the hypothesis should be the
direct opposite of the proposition P, and not some other statement related to P. Secondly,
ensure that each step of reasoning is independent and logically consistent. In the process
of derivation, it must be ensured that each step of reasoning is based on an independent
logical foundation. The conclusion cannot be used as the basis for any reasoning, as this
would lead to logical circularity. Thirdly, review the logical chain. After the proof is com-
plete, check that each step of the reasoning makes sense and does not lead back to the
hypothesis itself. An effective counterfactual should show that the negation of the hypoth-
esis leads to an inconsistency rather than relying on the conclusion itself. Fourthly, base
the reasoning on known theorems, axioms, and established facts. Deductions in a coun-
terfactual should be based on known mathematical theorems, axioms, and facts, rather
than on unproven assumptions. This helps to ensure the validity of the reasoning process
and to avoid invalid cycles.

5. The Significance of Counterfactuals in the Study of Number Theory
5.1. Advancing Number Theory

As a powerful logical instrument of mathematical proof, the reversal method plays a
vital role in the research field of number theory, not only is a special way to attack diffi-
culties, but also is an important propelling force to promote the development of number
theory all the time. As one of the oldest and purest mathematics, number theory is devoted
to the study of the mysterious integers and their own properties, whose problems are
complex and profound, and the method of direct proof is often difficult to start. In this
view, the interesting inverse method shows its charm.

Through the method of contraposition, mathematicians are able to skillfully assume
that a proposition is not valid, and then reason logically on the basis of this assumption
until they arrive at a conclusion that contradicts a known fact or a fundamental axiom.
The appearance of such contradictions directly proves that the original assumption-that
is, the assumption that the proposition is not valid-is wrong, thus indirectly proving the
correctness of the original proposition. This method not only simplifies the proof process,
but also broadens the idea of problem solving, so that some seemingly intractable prob-
lems can be solved.
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In the long history of number theory, the inverse method has been widely used in the
study of many important problems such as the distribution of prime numbers, Goldbach’s
conjecture, Fermat’s theorem and so on. It has not only helped mathematicians to prove
many important theorems, but also stimulated the birth of new research ideas and meth-
ods, and promoted the enrichment and development of number theory. Therefore, it can
be said that the counterfactual method is not only a technical means in the study of num-
ber theory, but also a key force to promote the old discipline of number theory to be con-
stantly revitalized and move to new heights.

5.2. Developing Logical Thinking

Proof by contradiction requires researchers to think logically based on evidence. The
use of counterfactuals demands that each step of reasoning be accurate and precise, and
even a small logical loophole can sometimes collapse the proof process. The demand for
logical rigor requires researchers to develop the habit of logical precision in their daily
research and learning, as well as constantly improving their logical reasoning ability.

Counterfactualism promotes the cultivation of reverse thinking among researchers.
Unlike forward reasoning, the counterfactual method requires the researcher to reason
from the negation of the proposition. This kind of thinking can break conventional pat-
terns and stimulate new inspiration and ideas. In the study of number theory, many im-
portant discoveries and theorems have benefited from the use of reverse thinking.

The counterfactual method also cultivates the researcher’s skill to grasp and confront
contradictions. In the use of the counterfactual method, grasp and show contradictions
are the cornerstones of a successful proof: To do so, the researcher needs keen insight to
spot logical contradictions in the reasoning process and accurately pinpoint where they
are. At the same time, researchers also need the ability to manage and resolve contradic-
tions through rational reasoning and argumentation to reach a correct conclusion.

5.3. Broadening Mathematical Horizons

First of all, the counterfactual method encourages researchers to go beyond tradi-
tional boundaries and think deeply about the nature and structure of mathematics. In the
process of solving number theory problems using the contrapositive method, researchers
often need to step beyond the framework of the problem itself and examine mathematical
objects from a more macroscopic and abstract perspective. This kind of cross-border think-
ing not only helps to solve the current number theory problems, but also inspires the re-
searcher to have a deep understanding of the overall structure and inner connection of
mathematics. Secondly, the application of the contrapositive method promotes communi-
cation and integration between different branches of mathematics. When applying the in-
verse method in number theory, researchers may draw on or use the theories and methods
of other branches of mathematics, such as algebra, geometry, analysis and so on. This in-
terdisciplinary cross-fertilization not only enriches the means and methods of number
theory research, but also promotes mutual understanding and common development
among different branches of mathematics. The counterfactual method also stimulates the
researcher’s desire to explore the unknown field of mathematics. By revealing the contra-
dictions between hypotheses and known facts, the counterfactual demonstrates the rigor
of mathematical logic and the infinite mysteries of the mathematical world. This challenge
and pursuit of the unknown field stimulates the researcher’s curiosity and desire to ex-
plore mathematics, and pushes them to go deeper and deeper into mathematics, expand-
ing the boundaries of mathematical research.

6. Concluding Remarks

The application of counterfactual method in number theory problems has demon-
strated its unique charm and powerful proving ability. By constructing counterexamples
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and deducing contradictions, counterfactual method not only solves many difficult prob-
lems in number theory, but also promotes the development of mathematical theory. From
the existence of irrational numbers, the infinity of prime numbers, the unique decompo-
sition theorem to the fundamental theorem of algebra, antidemonstration has played a
key role. It is not only a method of proof, but also a way of thinking and a strategy for
solving problems. In future mathematical research, antidemonstration will continue to
play an important role and provide strong support for solving more complex mathemat-
ical problems. In addition, through learning and mastering the counterfactual method, we
can cultivate the ability of reverse thinking and improve the rigor and flexibility of logical
reasoning. In the study, we should strengthen the introduction and training of the inverse
method, and be able to use this method flexibly in solving mathematical problems, so as
to cultivate our own mathematical literacy and innovation ability.
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